We present an analysis of the lowest-lying decuplet baryon masses in the covariant baryon chiral perturbation theory with the extended-on-mass-shell scheme up to next-to-next-to-next-to-leading order. In order to determine the 14 low-energy constants, we perform a simultaneous fit of the n f = 2 + 1 lattice QCD data from the PACS-CS, QCDSF-UKQCD, and HSC Collaborations, taking finite-volume corrections into account self-consistently. We show that up to next-to-next-to-next-to-leading order one can achieve a good description of the lattice QCD and experimental data. Surprisingly, we note that the current lattice decuplet baryon masses can be fitted rather well by the next-to-leading order baryon chiral perturbation theory, which, however, misses the experimental data a little bit. Furthermore, we predict the pion-and strangeness-sigma terms of the decuplet baryons by use of the Feynman-Hellmann theorem.
I. INTRODUCTION
In the past few years many studies of the lowest-lying baryon octet and decuplet masses have been performed on the lattice [1] [2] [3] [4] [5] [6] [7] [8] [9] [see Ref. [10] for a comprehensive discussion of the various lattice chromodynamics (LQCD) simulations and the origin of their uncertainties]. These studies not only demonstrate the ability of LQCD simulations to predict accurately nonperturbative observables of the strong interactions, but also provide valuable information that can be used to extract the low-energy constants (LECs) of chiral perturbation theory (ChPT). On the other hand, most LQCD calculations, limited by the availability of computational resources and the efficiency of algorithms [11] , still have to employ larger than physical light-quark masses m u/d , 1 finite lattice volume V = T L 3 , and finite lattice spacing a. ChPT [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] plays an important role in guiding the necessary extrapolations to the physical world in terms of light-quark masses [27] [28] [29] [30] , lattice volume [31, 32] and lattice spacing [33, 34] , and in estimating the induced uncertainties.
As an effective field theory of low-energy QCD, ChPT has been rather successful in the mesonic sector, but the extension to the one-baryon sector turns out to be nontrivial. Because the baryon mass is not zero in the chiral limit, a systematic power counting is absent [18] . In order to restore the chiral power counting, the so-called heavy-baryon (HB) ChPT was first proposed by Jenkins and Manohar [35] . Although this approach provides a strict power counting, the heavy baryon expansion is nonrelativistic. A naive application can lead to pathologies, e.g., in the calculation of the scalar form factor of the nucleon [20] . 2 In addition, the HB ChPT is found to converge rather slowly in the three-flavor sector of u, d, and s quarks. Later, covariant baryon chiral perturbation theory (BChPT) implementing a consistent power counting with different renormalization methods has been developed, such as the infrared (IR) [36] and the extended-on-mass-shell (EOMS) [37, 38] renormalization schemes.
In the past decades, the ground-state octet baryon masses have been studied rather extensively [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] , especially, in combination with the n f = 2 + 1 LQCD data up to next-to-nextto-next-to-leading order (N 3 LO) [50] [51] [52] [53] [54] [55] [56] [57] [58] . Different formulations of BChPT have been explored, including the HB ChPT [52] , the EOMS BChPT [50, 51, 57, 58] , the partial summation approach [53] [54] [55] , and the IR BChPT [56] . In Refs. [50, 51, 57, 58] , we have performed a series of studies on the octet baryon masses by including finite-volume corrections (FVCs) self-consistently 1 It should be noted that for a limited set of observables simulations with physical light-quark masses have recently become available [12] [13] [14] , 2 This can be removed by resuming the leading kinetic operator to higher orders, equivalent to using the relativistic propagator [36] .
II. THEORETICAL FRAMEWORK

A. Chiral effective Lagrangians
The chiral effective Lagrangians relevant to the present study can be written as the sum of a mesonic part and a meson-baryon part:
φD + L (4) φD .
(
The Lagrangians L (2) φ and L (4) φ of the mesonic sector can be found in Ref. [57] . The leading order meson-baryon Lagrangian is
where L D denotes the covariant free Lagrangian, and L
φBD and L (1) φDD describe the interaction of the octet and decuplet baryons with the pseudoscalar mesons and have the following form:
where we have used the so-called "consistent" coupling scheme for the meson-octet-decuplet vertices [60, 61] . In the above Lagrangians, m D is the decuplet baryon mass in the chiral limit and T is the decuplet baryon field represented by the Rarita-Schwinger field T abc ≡ T abc µ . The physical fields are assigned as
lecting the pseudoscalar fields φ, and (X,
The coefficient F φ is the meson-decay constant in the chiral limit, and C (H) denotes the φBD (φDD) coupling. The totally antisymmetric gamma matrix products are defined as
[γ µνρ , γ σ ] = iε µνρσ γ 5 with the following conventions: [62] . In the last and following Lagrangians, we sum over any repeated SU ( 
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The first and second terms denote the explicit chiral symmetry breaking part: ′ , one has nine terms, following the conventions of Refs. [53, 63] ,
where t 1,...,6 have dimension mass −1 and t 7,...,9 have dimension mass −2 .
The fourth order chiral effective Lagrangians contain five LECs (see also Refs. [53, 64] ):
The propagator of the spin-3/2 fields in d dimensions has the following form [65] :
B. Decuplet baryon masses
In this subsection, the decuplet baryon masses are calculated in the limit of exact isospin symmetry. Formally, up to O(p 4 ) the baryon masses can be written as where m D is the decuplet baryon mass in the chiral limit. The m
D , and m 
where ξ (i) 's and H (i) 's are the corresponding coefficients and loop functions with the subscript i denoting the corresponding diagrams shown in Fig. 1 . The ξ (i) 's are tabulated in Tables I and II. In Eq. (13), the loop functions H
D,D ′ are obtained by using the MS renormalization scheme to remove the divergent pieces and the EOMS renormalization scheme to remove the power-counting-breaking (PCB) terms [37, 38, 66] . The explicit
D can be found in Ref. [50] , and the others are given in the Appendix. It should be noted that in the evaluation of the diagrams in Figs. 1(f) and (g), we have only kept [67] . In order to be consistent with our renormalization scale used for the baryon sector, we have reevaluated the LECs at µ = 1 GeV. The details can be found in Ref. [57] . 
C. Finite-volume corrections
As emphasized in Refs. [51, 57, 58] , FVCs have to be taken into account in studying the current LQCD data. In the case of the decuplet baryon masses, they have been studied up to NNLO in the EOMS BChPT [50] and in the HB ChPT [59] . In the following, we extend the study up to N 3 LO in the EOMS BChPT.
The FVCs can be easily evaluated following the standard technique. One chooses the baryon rest frame, i.e., p µ = (m D , 0), performs a momentum shift and wick rotation, integrates over the temporal dimension, and obtains the results expressed in terms of the master formulas given in
Ref. [32] . See Refs. [31, 32, 51] for more details. 
To proceed with the above procedure, one should note that since Lorentz invariance is lost in finite volume, the mass term in the loop functions is identified as the term having the structure of δ i j . This can be easily seen by noticing that at the rest frame the zero component of the decuplet baryon field vanishes because of the on-shell condition p µ T µ = 0. For instance, the loop function of the diagram in Fig. 1 (b), after Feynman parametrization, becomes
where
To evaluate its contribution to the decuplet baryon mass, one simply replaces k α k β with δ i j k 2 /3 in the numerator. Following the procedure specified above, one can then easily obtain the FVCs to the loop function of the diagram in Fig. 1(b) ,
where the "master" formulas δ r (M 2 ) are defined as
where K n (z) is the modified Bessel function of the second kind, and
Following the same procedure, one can obtain the FVCs of the other loop diagrams in Fig. 1 .
For the NNLO one-loop diagram of Fig. 1(c) , one obtains
with (15) and Eq. (17) reduce to
φ . They agree with the HB ChPT results of Ref. [59] . FVCs to the N 3 LO one-loop diagrams in Figs. 1 (e), (f), and (g) have the following form:
δG (e,2)
The above standard procedure applies only to the case where
we follow the approach proposed in Ref. [68] and replace the original δ r (M 2 ) with three parts by introducing a new scale µ satisfying µ < m 0 + M φ , i.e.,
where the g r 1,2,3 are defined as
with
To take into account the FVCs in the study of the LQCD data, one simply replaces the loop functions H of Eq. (13) byH = H + δG with the δGs calculated above.
III. RESULTS AND DISCUSSION
In this section, we perform a simultaneous fit of the n f = 2 + 1 LQCD data from the PACS-CS [3] , QCDSF-UKQCD [8] , and HSC [6] Collaborations and the experimental data [11] 
A. LQCD data and values of LECs
Up to now, five collaborations have reported n f = 2 + 1 simulations of the decuplet baryon masses, i.e., the BMW [1] , PACS-CS [3] , LHPC [5] , HSC [6] , and QCDSF-UKQCD The resulting difference for the ρ meson is estimated to be 5 percent using Lüscher's formula [3] .
We will comment on this later. were also shown to be small [5] . Therefore, in the present work we assume that the discretization artifacts of the present LQCD simulations are small and can be ignored, and will leave a detailed study on finite lattice spacing artifacts to a future study (for a recent study of the discretization effects on the octet baryon masses, see Ref. [69] ).
Before we perform a simultaneous fit of the LQCD data, we specify our strategy to fix some of the LECs in the N 3 LO BChPT mass formulas [Eq. (13) In the fitting process, we incorporate the inverse of the correlation matrix C i j = σ i σ j δ i j +∆a i ∆a j for each lattice ensemble to calculate the χ 2 , where σ i are the lattice statistical errors and the ∆a i are the fully correlated errors propagated from the determination of a i . This is because the data from different collaborations are not correlated with each other, but the data from the same collaboration are partially correlated by the uncertainties propagated from the determination of the lattice spacing a.
B. Light-quark mass dependence of the decuplet baryon masses
In this subsection, we proceed to study the eight sets of LQCD data for the decuplet baryon masses by using the N 3 LO BChPT mass formulas [Eq. (13) In addition, the values of the corresponding LECs would change moderately. On the other hand, the extrapolations with the LECs determined from the fit excluding the physical masses became much worse. This seems to suggest that the inclusion of the lightest PACS-CS point is reasonable, keeping in mind the caveat that they may suffer from potentially large systematic errors. This is also the strategy adopted by the PACS-CS Collaboration [59] and other similar studies [54] .
In Fig. 2 , we show the ∆, Σ * , Ξ * , and Ω − masses as functions of M BChPT results show strong curvature and cannot describe the LQCD data. A good description can only be achieved up to N 3 LO. 6 In Fig. 2 , we also show those data of the PACS-CS and HSC [7] . In this way, the corresponding kaon and eta masses can be smaller than the pion mass. On the other hand, the FVCs from the kaon and eta loops can become comparable or even larger than that induced by the pion loop, because the M φ L can simultaneously become smaller than 4. Therefore, the QCDSF-UKQCD data provide us an opportunity to test the BChPT in the world of small strange-quark masses and small lattice volumes. symbols denote the lattice data points included in (excluded from) the fits, which are projected to have the physical strange-quark mass. The dot-dashed, the dashed, and the solid lines are the best NLO, NNLO and N 3 LO fits to the lattice data, respectively. In obtaining the BChPT results, the strange-quark mass has been set to its physical value. The lattice points in the shaded region are not included in the fits.
In Fig. 3 , the QCDSF-UKQCD data are compared with the N 3 LO BChPT. The LQCD points included in the fit are denoted by solid points and those excluded from the fit by hollow points. All lattice points are shifted by FVCs and the kaon mass is fixed using the function
π for the lattice ensemble with a and b determined in Appendix II of Ref. [57] . It is clear that the N 3 LO
BChPT can describe reasonably well the QCDSF-UKQCD data obtained in both large (N s = 32) and small (N s = 24) volumes with both heavy and light pion masses. However, it should be pointed out that the ratio method eliminates to a large extent the FVCs. In other words, to plot/study the data this way one can neglect FVCs, as noticed in Ref. [8] .
In Table IV, The two-flavour singlet quantities, X π and X ∆ , are defined as, [7] . data are the largest, which can be easily understood from the arguments given above. We would like to point out that in the above fits we have not included the LHPC data, while in Refs. [57, 58] we have studied their data for the octet baryon masses. The reason is that the LHPC decuplet baryon data do not seem to be consistent with those of the PACS-CS, QCDSF-UKQCD, and HSC Collaborations. This is clearly demonstrated in Fig. 4 , where the LHPC data are contrasted with the N 3 LO BChPT with the N 3 LO LECs tabulated in Table III , and the corresponding kaon mass is fixed using
π with a and b determined in Ref. [57] . It is clear that the dependencies of the lattice data on M 2 π seem to be flatter than suggested by the N 3 LO BChPT. In
Ref. [5] , it was noticed that it is difficult to extrapolate the LQCD data to the physical ∆(1232) mass. Our study seems to confirm their finding. If we had included the LHPC data 7 (three sets of them satisfying our selection criteria) in our fitting, we would have obtained a obtained by putting C and H to zero, this evidence is rather weak in the present case. 7 It needs to be mentioned that in Ref. [71] , a different way of setting the lattice scale has been used to obtain the decuplet baryon masses of the LHPC Collaboration [5] in physical units.
C. Convergence of SU(3) EOMS BChPT
Convergence of BChPT in the u, d, and s three-flavor sector has been under debate for many years. See, e.g., Refs. [28, 66, 72, 73] and references cited therein. 8 One prominent example is the magnetic moments of octet baryons. In Ref. [76] , it has been shown that compared to the HB ChPT and the IR BChPT, the EOMS BChPT converges relatively faster. The same has been found for the octet baryon masses [50] . Nevertheless, even in the EOMS BChPT, convergence is relatively slow because of the large expansion parameter, M K /Λ ChPT . Naively, each higher-order contribution is only suppressed by about one-half at the physical point, which can even be further reduced for LQCD simulations with larger light-quark masses. To speed up convergence, several alternative formulations of BChPT have been proposed, such as the long distance regularization method [72] , the cutoff scheme [28] , and finite-range regulator method [27, 73] BChPT, which exhibit better convergence by suppressing loop contributions with either a cutoff or a form factor.
In the following, we would like to examine the contributions of different chiral orders. In Table III Using the LECs given in Table III , we calculate the sigma terms of the baryon decuplet at the physical point, and the results are listed in 
IV. SUMMARY
We have studied the ground-state decuplet baryon masses in baryon chiral perturbation theory with the extended-on-mass-shell scheme up to next-to-next-to-next-to-leading order. Through a simultaneous fit of the n f = 2 + 1 LQCD data from the PACS-CS, QCDSF-UKQCD, and HSC Collaborations, the 14 unknown low-energy constants are determined. In fitting the LQCD data, It should be noted that our present study suffers from the limited range of the LQCD data (in terms of the input parameters) and the rather large number of unknown low-energy constants. Future refined LQCD simulations with various light-quark and strange-quark masses, lattice volume and lattice spacing will be extremely welcome to put covariant baryon chiral perturbation theory to a more stringent test than was done in the present work. In the context of effective field theories, one would like to apply the same formalism and utilize the same low-energy constants to study other related physical observables, which can also serve as an additional test. Such works are in progress and will be reported elsewhere. 
